Abstract. A blink is a plane graph with a bipartition (black, gray) of its edges. Subtle classes of blinks are in 1-1 correspondence with closed, oriented and connected 3-manifolds up to orientation preserving homeomorphisms [14] . Switching black and gray in a blink B, giving −B, reverses the manifold orientation. The dual of the blink B in the sphere S 2 is denoted by B . Blinks B and −B induce the same 3-manifold. The paper reinforces the Conjecture that if B / ∈ {B, −B }, then the monochromatic 3-connected (mono3c) blinks B and B induce distinct 3-manifolds. Using homology of covers and length spectra, we conclude the topological classification of 708 mono3c blinks that were organized in equivalence classes by WRT-invariants in [9] . We also present a reformulation of the combinatorial algorithm to obtain the WRT-invariants of [13] using only the blink.
Introduction
It is well known that a 3-connected planar graph has a unique pair of embeddings in the 2-sphere up to orientation preserving homeomorphism [22] , see also [21] . In other words, every planar 3-connected graph has only two planar maps, where their faces differ only in the orientation. The present paper suggests a manifestation of this fact in closed oriented connected 3-manifolds induced by mono3c blinks, restricting the 1-1 correspondence of [14] arxiv to these blinks. A blink is a finite plane graph with an arbitrary bipartition (black, gray) of its edges. Blinks provide a universal language for 3-manifolds [15] arxiv, [14] arxiv.
Blinks and 3-manifolds
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To understand how to obtain a 3-manifold from a blink we need the following definitions. An n-residue is a connected component of a edge-colored graph induced by all the edges of n chosen colors. A 3-gem is a finite 4-regular graph with a 4-proper edge coloring in which v + t = b, where v is the number of vertices, b is the number of 2-residues and t is the number of 3-residues. It follows from the Triangulation Theorem for 3-manifolds of Moise [16] that every closed compact (as oriented and connected) 3-manifold can be induced by a 3-gem.
A k-simplex is a k-dimensional polytope which is the convex hull of its k + 1 vertices (that is C = {φ 0 u o + ... + φ k u k |φ i ≥ 0, 0 ≤ i ≤ k, k i=0 φ i = 1} with u 0 , ..., u k ∈ R k affinely independent). A simplicial complex K is a set of simplices where any face of a simplex from K is also in K and, the intersection of any two simplices σ 1 , σ 2 ∈ K is a face of both σ 1 and σ 2 . A triangulation of a topological space X (as a 3-manifold) is a simplicial complex K with a homeomorphism (i.e. a bicontinuous function) h : K → X.
To obtain a triangulation from a blink, we make the transformations blink → link → 3-gem → triangulation. Fig. 1 shows how to obtain a blink from a link, and vice versa. Fig. 2 describes the transformations between link and 3-gem [13, 9] . Fig. 1 . From 0-flink (i.e. a blackboard framed link, that is a projection of the framed link without twists) to blink and back: the projection of any 0-flink can be 2-face colored into white and gray with the infinite face being white so that each sub-curve between two crossings has their incident faces receiving distinct colors. The above figure shows how to transform a 0-flink projection into a blink (with thicker edges than the curves representing the link projection). The vertices of the blink are distinguished points represented by white disks in the interior of the gray faces. Each crossing of the link projection becomes an edge in the corresponding blink. An edge of the blink is gray if the upper strand that crosses it is from northwest to southeast, it is black if the upper strand that crosses it is from northeast to southwest. The inverse procedure is clearly defined. In fact, the 0-flink is the so called medial map of the blink. Thus we have a 1-1 correspondence between 0-flinks and blinks. The flinks (non-negative fraction decorated links), defined and treated in [14] arxiv, are a generalization of blackboard framed links [4, 5] .
To obtain a triangulation from a 3-gem, create a d-point for each vertex (d=0), edge (d=1), 2-residue (d=2) and 3-residue (d=3) of the 3-gem. To obtain the space coordinates of these points, we define a code as follows. Assign the code k c for each 0-point, where k is an integer number and c = {}. For each 1-point, k is the smallest k among the neighbors and c is the color of its corresponding edge in the 3-gem. For each 2-point, k is also the smallest k assigned to the neighbors and c is the union of sets c of all neighbors. So, an example of tetrahedra formed is {k, k 1 , k 12 , k 123 }. In order to define a valid simplicial complex, we need to obtain an arrangement of simplices such that the intersections are only a point, a side or a face of the defined simplices. To guarantee that two 1-coordinate point are disjoint we need R 1 , for 2 line segments (4 points) we need R 3 , for our case that is for two tetrahedras (eight points) we need R 7 . The next step is then to embed the points into R 7 . Each code k c is mapped to an integer number i and its coordinate in R 7 will be {i 1 , i 2 , . . . , i 7 }. To obtain an 3-gem back from a given triangulation, apply the barycentric subdivision for each tetrahedra. So, each tetrahedra is subdivided in 24 subtetrahedras, 6 per face. Assign color k to each k-simplex and color the faces of each sub-tetrahedra with the color of its opposite vertex. Each sub-tetrahedra becomes a vertex of the 3-gem. Add an edge between two vertices coming from two sub-tetrahedras sharing 3 vertices (defining a face F ) and assign to the edge the color of F .
From 3-gem to blink, see [12] for an O(n 2 ) algorithm (where n is the number of tetrahedras) to obtain a framed link from a special type of triangulation. The general transformation is an open subject.
HGnQI-classes and the topological classification of T 16
An HGnQI-class of blinks is the set of blinks inducing a 3-manifold with the same Homology Group and the same κ r (Quantum) Invariants for r = 3, . . . , n. The latter corresponds to the Kauffman-Lins version [5] of the WRT-invariants (Witten-Reshetikhin-Turaev invariants). If B is another blink obtained from B by moves in the coin calculus (see Fig. 3 ), they induce the same 3-manifold up to orientable homeomorphisms. Otherwise, κ r (B) = κ r (B ).
Our idea in Section 2 is to make more available for the Combinatorics community these strong and mysterious quantum invariants: an infinite sequence of complex numbers which can be deterministically assigned to blinks up to coin calculus [14] arxiv and to 3-manifolds up to orientable homeomorphisms. The invariance issue will remain untouched here; it is treated in detail in [5] . Let T 16 (all mono3c blinks up to 16 edges) be the set of 708 mono3c blinks distributed in 381 HG8QI classes by WRT-invariants, as described in [9] arxiv. The set was explicitly generated, displayed and classified up to oriented homeomorphisms (for the 3-manifolds induced by the blinks) by, κ r , r = 3, . . . 8, leaving exactly 11 doubts. These doubts correspond to eleven HG8QI-classes with more than one pair of blinks (B, −B * ). We complete the classification by showing that they give non-homeomorphic pairs in Section 3.
The topological classification of T 16 reinforces the Conjecture in [14] that if B / ∈ {B, −B }, then the mono3c blinks B and B induce distinct 3-manifolds. These experimental results are evidence that the oriented homeomorphism problem for those manifolds is solvable in O(n 2 log n)-time, where n is the number of edges in the blinks inducing them. This is the complexity of the isomorphism problem for blinks [10] .
In Section 3, we were able to distinguish all the remaining HG8QI-classes by the lengths of closed geodesics in their hyperbolic structures, using the method presented in [3] . The running time was substantially better in some cases compared with the times obtained with the homology of covers technique also used in this section. We have used a combination of the software SnapPy [1] , GAP [2] and Sage [18] to make the classification. In Section 2, for completeness, we present the full definition and a reformulation of the combinatorial algorithm to obtain the WRT-invariants of [13] using only the blink.
κ r : the Kauffman-Lins version of the WRT-invariants
The invariant κ r was obtained and justified in the Kauffman-Lins monograph [5] . Given an integer number r ≥ 3, a complex number κ r (B) is associated to each blink B. If B is another blink obtained from B by moves in the coin calculus, then κ r (B) = κ r (B ). Therefore, κ r is an invariant of closed, orientable, connected 3-manifolds.
This section is a reformulation of Chapter 7 of [13] . The invariance of κ r relies on the properties of Kauffman's bracket and on the algebraic properties of the Temperley-Lieb algebra. Subsequently it was realized that this invariant is one of the manifestations of the Witten-Reshetikhin-Turaev invariants. The complete theory is developed from scratch in [5] .
Originally these invariants were found by Witten in the late 1980's using a physical formalism that was not mathematically satisfactory. Witten's result broke the prejudice that good invariants of 3-manifolds did not exist. Shortly after, some eastern European researchers such as Turaev, Viro, Reshetikhin, Kirillov and others, produced full mathematical proofs of the invariance of Witten's results using quantum groups [23, 17, 20, 7] . However, quantum groups is a rather complicated subject, so Kauffman-Lins makes possible to combinatorialize the whole situation. They used some ideas of Lickorish (invariance under the second of Kirby's moves [8] ) via the Temperley-Lieb algebra and cubic graphs embedded into 3-space, providing the κ r -invariant. It demands much less machinery to be understood-see also page 144 of Kauffman-Lins monograph, and Turaev's shadow world in [19] .
In Subsection 2.1, we describe the algebraic ingredients to compute the factors of the blink (in Subsection 2.2) that are used to compute the invariant. It is our intention here to provide a complete recipe for obtaining the κ r -invariant for blinks in a way to be simply understood by a combinatorially inclined reader.
Algebraic ingredients
In this subsection, we present all the algebraic ingredients we need to define the function κ r (for a fixed integer r ≥ 3) on a blink B. Let A = e πi 2r be the "first" primitive 4r-th root of unity and I = {0, 1, ..., r − 2}. For n in I, let
Letting q = A 2 , for reasons inherited from the physics we call [n] the q-deformed quantum integer and [n]! = 0≤m≤n [m] the q-deformed quantum factorial. Note that even though A is complex, ∆ n and [n] assume only real values.
Three numbers a, b, c ∈ I form an admissible triple if a + b + c ≤ 2r − 4 and a + b − c, b + c − a, c + a − b are non-negative and even. Let θ : I 3 → R, defined on the admissible triples by means of
We define θ(a, b, c) = 0 if (a, b, c) fails to be admissible. Let λ : I 3 → C, be defined on the admissible triples by
We let λ ab c = 0 if (a, b, c) fails to be admissible. Finally, define T et :
If one of the four triples above fails to be admissible, define the value of T et as null. Note that the bipartition of the edge set of the blink is disregarded, except for the λ ab c 's. They are also the only terms which are indeed complex: T et(α, β, γ, δ, , φ), θ(a, b, c) and ∆ n are reals.
See Algorithm 1 for a summary of the subsection. The value κ r (B) turns out to be an invariant under Kirby's second move, the band move or the handle slide move [6] , see also page 144 of [5] or [14] arxiv. Having this invariance, all we need to have a 3-manifold invariant is to define κ r (B) = κ r (B) sin( .
Blink factors and the κ r -invariant definition
In this formula, F represents the 0-flink associated to B (see F B transformations in Fig. 1) , |F | is the number of components of F , n(F ) is the number of positive eigenvalues minus the number of negative eigenvalues of the linking matrix of F (see page 254 of [13] ). It is the symmetric matrix whose entries are
12:
end if 15: end for 16: for All (α, β, γ, δ, , φ) ∈ I 6 do 17:
if (α, β, φ),(α, δ, ),(γ, δ, φ),(β, γ, ) are all admissible then 18:
25: else

26:
T et α β γ δ φ = 0 27: end if 28: end for Fig. 4 . A zigzag in blink B (as in any planar graph) is a closed path that alternates taking the leftmost turn and the rightmost turn at each vertex; zigzags in general surfaces (orientable and non-orientable) are studied in [11] . The bipartition of the edge colors of the blink plays no role in the definition of the zigzags; a zigzag traverses each edge at most twice, so that the total number of edges traversed by the set of zigzags is exactly 2n, where n is the number of edges of the blink. An angle is a pair of consecutive edges in the boundary of a face F . Note that the edges of an angle are consecutive in the edge-star of a vertex V and in a zigzag path Z. So an angle defines a triple (V, F, Z). In the example, the zigzag Z1 is shown and the domain of σ is VB ∪ FB ∪ ZB = {V1, V2, V3, V4, V5, V6, V7, V8, F0, F1, F2, F3, F4, F5, Z1, Z2, Z3, Z4}. the linking numbers for the pairs of components of F . That is, for components i and j, the linking number is L i,j = x∈χi,j 1 2 sg(x), where χ i,j denotes the set of crossings of component i and j, and sg(x) is the sign of the crossing.
Note that we introduce a factor to go from κ r (B) to κ r (B). The factor is needed to keep the invariance under the Kirby's move of type 1 (that is when we introduce an isolated gray or black edge in the blink). With these definitions it is possible to prove (see page 146 in [5] ) that for all r ≥ 3, See Algorithm 2 for the complete set of instructions to compute the κ rinvariant.
Classifying the HG8QI-classes as non-homeomorphic pairs
An HG8QI-class of blinks is the set of blinks inducing a 3-manifold with the same homology and the same κ r invariants, for r = 3, . . . , 8. Even though they induce the same 3-manifold, dual blinks are not filtered in [9] for the generation of the HG8QI-classes (this was on purpose, to control the generation algorithms). So, these dual blinks (±B, ∓B ) appear together in the same class. In fact we only draw one of ±B (see Appendix), the other is obtained by exchanging black and gray edges. The effect of taking the negative blink in κ r (B) is to conjugate the complex number: for all blinks B, κ r (B) = κ r (−B) and κ r (B) = κ r (−B ). From [9] arxiv, we know that among all 381 HG8QI-classes of T 16 , there are only eleven with more than one pair of blinks (B, −B * ). These are the following: (1) (11) 16 t 233 . All the other pairs of blinks (B, −B ) in T 16 are complete graphical invariants for their induced 3-manifolds. We have used a combination of the softwares SnapPy, GAP and Sage to prove that all pairs of blinks (that are not (±B, ∓B )) in these HG8QI-classes induce distinct 3-manifolds.
Dual and negative pairs of monochromatic blinks (±B, ∓B ) are in 1-1 correspondence with the 0-flinks (blackboard framed links), see the 0-flink blink transformations in Fig. 1 . The appendix presents both the figures of the blink and its associated 0-flink. However, the 0-flinks (good for input into SnapPy) and its pair of surgery coefficients attached to each component of the 0-flink are redundant, as they are implied by the small blink displayed at the southwest of each 0-flink. All the blinks are monochromatic, formed by black edges only. This corresponds to having only alternating 0-flinks. Algorithm 2 κ r : the Kauffman-Lins version of the WRT-invariants using only blinks (Recall σ(V ) = v, σ(F ) = f, σ(Z) = Z, and see F B transformations in Fig. 1) 1: κ r (B) = 0 2: for All σ ∈ of blink B do 3:
for All black edge (V1, F1, Z1, V2, F2, Z2) of blink B do
for All gray edge (V1, F1, Z1, V2, F2, Z2) of blink B do
for All angle (V, F, Z) of blink B do 10:
11:
end for 12:
for All vertex V of blink B do 13:
end for 15:
for All face F of blink B do 16:
end for 18:
for All zigzag Z of blink B do 19:
end for 21:
[σ] = i Φi 22:
for All angles (V, F, Z) of blink B do 23:
if (v, f, z) is not admissible then 24:
[σ] = 0, break for 25: The 3-manifolds are distinguished by the combined application of SnapPy, GAP and Sage using calculations of homology for finite sheeted coverings in Subsection 3.1 and using the geodesic length technique from [3] in Subsection 3.2. The results are summarised in Table 1 , and details of the homology and length spectra computations are given in the appendix.
In all the experiments, the triangulations (files with extension .tri) are created from a link diagram that we draw with the link editor of SnapPy (we can access the editor typing M = M anif old() on SnapPy). Then select Tools -Send to SnapPy in the editor to load the link complement as the variable M . Finally we do Dehn fillings in SnapPy using coefficients (a, 1) and (b, 1) , M.dehn f ill ([(a, 1), (b, 1)] ). The values a, b are the integer framings on the components corresponding to the self-writhe of the component for the blackboard framing.
Note that SnapPy can also do rational Dehn fillings: if p,q are relatively prime integers then (p, q) filling in SnapPy corresponds to filling on the slope p q , i.e. p * (homological meridian) + q * (homological longitude) bounds a disk in the added solid torus. After Dehn filling, we check that M.solution type() gives the output 'all tetrahedra positively oriented' (to be sure we have the correct hyperbolic structure), and save this triangulation using M.save(). (If other output is obtained, we retriangulate with M.randomize() before saving).
Calculations of homology for finite sheeted coverings
We first find all index k subgroups of the fundamental group of the induced 3-manifold for small values of k, then compute the homology of the corresponding covers of the induced 3-manifolds. In fact, using hyperbolic volumes and homology of covers as computed by SnapPy/GAP/Sage we were able to distinguish all the HG8QI-classes. The running time of SnapPy/Sage for the computation of covers varies a lot. In Table 1 , see the homology of covers distinguishing the two manifolds and their computation time on a LG ultrabook with1.70GHz Intel processor i5-3317U. To compute the volume/covers, see example (with degree k = 5) of SnapPy/Sage script below. For the HG8QI-class 16 t 140 , there are no k-covers for k = 2, . . . 6 and the search for 7-covers took more than a week without ending using SnapPy/Sage. So we did not try k-covers for k ≥ 8. However, Nathan Dunfield observed that they can be distinguished using covers from representations onto P SL(2, 7) as computed using GAP/Sage, see script below. (Here the subgroups have index 8, corresponding to the stabilizer of a point under the natural action of P SL(2, 7) on P 1 (F 7 ).) 
Geodesic length technique
All the pairs are distinguished by the length spectra of the geodesics in the hyperbolic structure, using the technique defined in [3] . For some of the manifolds, the 64 bit precision used in the standard version of SnapPy was not sufficient to compute a Dirchlet domain and length spectrum, but we were successful using the old 2.5.1 68K version of SnapPea which uses 80 bit precision arithmetic. We then checked the results using a new high precision version of SnapPy developed recently by Marc Culler and Nathan Dunfield, which uses quad doubles. Here each length spectrum calculation (up to length 3, with around 50 decimal places of accuracy) took between 25 and 105 seconds on a MacBook with 2.4 GHz Intel Core i7 processor. Note that the running time is substantially better in some cases as compared with the homology of covers technique used before.
In our experiments, the shortest geodesic is always one of the core circles added in Dehn filling the link. When this is true the manifolds can also be distinguished by looking at the complement of this shortest geodesic -these 1-cusped hyperbolic 3-manifolds can be compared by looking at their canonical decompositions (as computed in SnapPy).
The last column of Table 1 gives the complex length length+i(rotation angle) for a geodesic distinguishing the two manifolds. The length spectrum gives the complex length for each closed geodesic of length < 2.5. The command M.length spectrum(3) with high precision manifolds was used in SnapPy to find the length spectrum up to length 3. (*) Covers from representations onto P SL(2, 7) as computed using GAP/Sage.
Conclusion
We provide a complete recipe for obtaining the κ r -invariant using only blinks. The homeomorphism problem for the oriented 3-manifolds induced by blinks up to 16 edges is completely solved, as a result of the analysis of homology of coverings and length spectra, and of previous κ r -classification reported in [9] arxiv and [14] arxiv. Our experiments suggest that sometimes the length spectra technique is superior to the homology of covers technique for distinguishing a given pair of hyperbolic 3-manifolds. These results provide evidence of the truth of the following conjecture: Conjecture 1. Let B and B be monochromatic 3-connected blinks inducing a 3-manifold, then B ∈ {B, −B * }.
It means that, given a mono3c blink B inducing 3-manifold M , if another 3-manifold M is also induced by B (or −B * ) then M ≡ M up to orientable homeomorphisms. So each equivalence class of blinks defined up to coin calculus has at most two mono3c blinks (B and −B * ). The conjecture also implies that the oriented homeomorphism problem for the manifolds induced by mono3c blinks can be replaced by the isomorphism problem for blinks. The latter problem is solvable by an O(n 2 log n)-algorithm, where n is the number of edges. An important question remain open: which 3-manifolds correspond to the class of 3-connected monochromatic blinks?
